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The problems studied in this paper arose from consideration of the 
following basic problem: let F be an algebraically closed field and let G be a 
connected algebraic group over F. Suppose that E - G is a connected &tale 
covering space of G with group of deck transformations r. When does E carry 
a structure of algebraic group so that the covering projection is a homo- 
morphism? If G is an abelian variety, the answer is known to be always. 
Thus attention is restricted to the affine case. It is also known that if the order 
of r is prime to the characteristic exponent p of F, then again the answer is 
always [9, Theorem 2, p. 3531. If  p divides the order of r, however, it may 
not be possible for E to carry such an algebraic group structure [9, p. 3641; 
see also example (3.6) below). However, there is an intermediate structure 
which may exist on E. 
More precisely, let G -+ G be the universal Ctale covering space of G 
and limits group of covering transformations (I7 is the fundamental group of G). 
G is, in general, a pro-affine variety (i.e., its coordinate ring is not finitely 
generated over F); this is always the case if p > 1 (see (3.8) below). We show 
that the space of F-points of G carries a structure of abstract group such that 
the covering map is a homomorphism with kernel isomorphic to n. G is not, 
in general, a pro-affine algebraic group (see (3.6) below) but for each fixed 
element g of G, left multiplication by g is the restriction of a morphism of 
pro-varieties. We call such a structure a left algebraic group. Left algebraic 
groups also arise, as Hochschild and Mostow have shown, from faithfully rep- 
resented analytic groups [5]. Th us our purpose here is to study left algebraic 
groups in general, and the left algebraic group structures on universal covers 
of affine algebraic groups in particular. Moreover, with future investigations 
in mind, we have tried to establish the proper foundations for the theory, in 
some cases beyond what is necessary for the results studied here. 
We begin, in Section 1, by examining the special type of provarieties on 
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which our left algebraic group structures appear. These are varieties whose 
coordinate rings are integral extensions of affine (i.e., finitely generated over 
P) subrings, and because of the properties they share with affine varieties 
we call them almost affine varieties. Since we need to use F-points, it is 
convenient to make the definitions in such a way that the F-points are readily 
available, and the coordinate rings are rings of F-valued functions. 
In Section 2, left algebraic groups are defined and it is shown that the 
universal &tale covering spaces of left algebraic groups are again left algebraic 
groups. Next, we define Lie algebras of left algebraic groups (as left invariant 
derivations of the coordinate ring of the group). In general, the Lie algebra 
of a left algebraic group is of smaller dimension than the tangent-space 
dimension of the group (see (3.2) below), b u t f  or universal covers of algebraic 
groups the dimensions are equal. In general, left algebraic groups with such 
equi-dimensionality are called ordinary. Then “Lie algebra” is a functor 
on the category of ordinary left algebraic groups (but not on all left algebraic 
groups as (3.2) shows). The principal results in the section are that, first, 
a covering space homomorphism of left algebraic groups induces an isomor- 
phism on Lie algebras and, second, that a homomorphism of ordinary left 
algebraic groups which induces an isomorphism on Lie algebras must be a 
covering space projection. 
The final section of the paper is devoted to examples illustrating the limits 
of the theory of left algebraic groups. In addition to the examples already 
cited, we exhibit a left algebraic group which is not an inverse limit of afline 
left algebraic groups (the corresponding result is true, however, for pro- 
affine algebraic groups [6, 2.1, p. 11311, and is of technical importance in 
that theory). We also show that, in positive characteristic, universal covering 
spaces are not affine. 
We adopt the following conventions: F denotes throughout our algebraically 
closed ground field. An affine F-algebra is one finitely generated over F. Thus 
the distinction between affine and nonaffinc varieties is, for our purposes, the 
distinction between finite and infinite generation of their coordinate rings. 
1. ALMOST AFFIKE VARIETIES 
In this section we introduce almost affine algebras and varieties, and study 
some of their properties. 
DEFINITION 1.1. An F-algebra /I which is an integral extension of an 
affine (i.e., finitely generated) F-subalgebra A, is said to be almost afine. 
By Noether Normalization Lemma [4, 1.10, p. 81, we can even assume that 
-4, is a polynomial ring. 
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A number of the standard properties of affine algebras are inherited by 
almost affine algebras, and we now proceed to record those which we will need 
to use here. We have omitted proofs in some cases. 
PROPOSITION 1.2. (a) An almost afine F-algebra is a Jacobson ring (i.e., 
all prime ideals are intersections of maximal ideals); 
(b) Every quotient of an almost ajine F-algebra by a maximal ideal is 
isomorphic to F; 
(c) An almost afine F-algebra has finite IGull dimension. If the algebra is 
an integral domain, this dimension is the same as the transcendence degree over F 
of its quotient field; 
(d) The inverse image of a maximal ideal under a homomorphism of almost 
a$ne F-algebras is again a maximal ideal. 
PROPOSITION 1.3. Let B be an integral domain almost a&e F-algebra 
and A an almost a&e F-subalgebra of B. Then there is an element u # 0 
of A such that every F-algebra homomorphism f : A + F such that f(u) + 0 
extends to B. 
Proof. Suppose B is integral over the affine F-algebra B, = F[t, ,..., tn], 
and let A’ = A[t, ,..., t,]. By [4, 1.3, p. 21 there is a u # 0 in A such that 
every F-algebra homomorphism f: d ---f F such that f(u) f  0 extends to 
an F-algebra homomorphism A’ + F. Since B is integral over A’, there is a 
maximal ideal of B lying over the kernel of this homomorphism. Then, by 
(1.2.b), reduction modulo this maximal ideal gives the desired extension. 
PROPOSITION 1.4. Let B be an integral domain almost afine F-algebra, 
A an almost a&e subalgebra of B, and x an element of B such that every pair 
of F-algebra homomorphisms from B to F which agree on A agree on x. Then x 
is purely inseparable algebraic over the quotient field of A. 
Proof. Inspection of the proof of the result for the case A, B atline, found 
in [4, 1.6, p. 41, shows that all that is necessary to extend the result to the 
almost affine case is (1.3). 
PROPOSITION 1.5. Let A be an almost afine F-algebra, I an ideal of A and 
s a nonnilpotent element of A. Let S = {sn: n > O}. Then A/I and S-lA are 
almost a&e F-algebras. 
Proof. A is integral over some affine subalgebra A, , and we can assume 
s E A, . Then A/I is integral over its affine subalgebra A,/I n A,, , and S-lA 
is integral over its affine subalgebra S-lA, . 
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ilt this point, we summarize briefly the following material on separable 
algebras which will be employed below. As a basic reference we cite [3]. Let A 
be a commutative ring. A faithful, commutative separable A-algebra B is 
strong& separable if it is a finitely generated and projective A-module. If  B 
is a direct limit of strongly separable subalgebras, it is said to be ZocaZZy strongl?, 
separable. If  ,4 is reduced and B locally strongly separable over A, then B is 
also reduced. Now suppose that B is locally strongly separable over A, and A 
and B are connected (i.e., have no nontrivial idempotents). Then B is Galois 
over .4 with group G if G is the group of all A-algebra automorphisms of B 
and the algebra of G-fixed elements of B is A itself. Under these hypotheses, 
the usual Galois correspondence between locally strongly separable sub- 
algebras of B, and the closed subgroups of G, obtains. If  C is any A-algebra, 
then G acts on the set of A-algebra maps of B to C, and if this set is non- 
empty, the action is free and transitive. 
Now suppose z4 is any connected commutative ring. Then there exists a 
Galois A-algebra AseP , unique up to A-isomorphism, with automorphism 
group IT(A), such that every locally strongly separable A-algebra maps to 
A sep . Such an algebra AseD is called a separable closure of A. 
Clearly any locally strongly separable extension of an almost affine F- 
algebra is again almost affine. 
Next, we define almost affine varieties. 
DEFINITIOK 1.6. An almost u@ze F-variety is a pair (k’, A), where V is a 
topological space and A an almost affine ring of continuous F-valued functions 
on V(F carrying thezariski topology), such that the natural map V+ Max(A) 
(where Max(A) is the maximal ideal space of A) is a homeomorphism. 
,4 morphism f  : ( I’, A) - ( W, B) 0 a most affine varieties is a continuous f  1 
function f : V -* W such that B . f C ,4. 
The almost affine variety (V, ‘4) will usually be denoted by V alone, and 
then A(V) will denote its second entry. I f  f: I’ ---f W is a morphism of almost 
affine varieties, f a: A(W) + A(V) denotes the map given by composition 
with f. 
I f  I’ is an almost affine variety, A(V) is reduced. Suppose that A is an 
arbitrary almost affine F-algebra. Then it is a direct consequence of (1.2) 
that V(A) = (Max(A), A) is an almost affine variety. I f  g: A --f B is a 
homomorphism of almost affine F-algebras, by (1.2) there is an induced map 
gO: V(B) ---f V(A) of almost affine varieties. With these notations we obviously 
have the following. 
PROPOSITION 1.7. A -+ V(iz), g --f gz’ is an anti-equivalence between the 
category of reduced almost afine F-algebras and the category of almost afine 
F-varieties, the inverse functor being V --+ A(V), f -* f a. 
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PROPOSITION 1.8. All closed subspaces and a basis of open subspaces of an 
almost a&e variety are again almost afine varieties. 
Proof. This is a direct consequence of (1.5) and (1.7). 
It is easy to see, using the standard arguments, that V is an irreducible 
almost affine variety if and only if A(V) is a domain, and that V is connected 
if and only if A(V) is. We proceed to record the usual translation of (1.3) and 
(1.4). 
PROPOSITION 1.9. Let f : V + W be a morphism of irreducible almost 
afine varieties. Then f  (V) contains a nonempty open subset of its closure. 
Proof. We may assume the closure off(V) is W. Let P be the kernel off a. 
Since also the closure off(V) is V(A( W)/P), by (1.2) P = 0 and f  a is injective. 
By (1.3), there is u E A(W) such that f  (V) contains the open set W - u-l(O) 
which is nonempty since u # 0. 
PROPOSITION 1.10. Let f : V + W be a bzjective morphism of irreducible 
almost afine varieties. Then A(V) is purely inseparable over the quotient Jield of 
its subring f  “(A( W)). 
Proof. Let A = f  a(A( W)). Then iz C A(V), and any pair of F-algebra 
homomorphisms from A(V) to F agreeing on A are equal. The conclusion 
now follows from (1.4). 
We convert the language of separable extensions of algebras to that of 
covering spaces of varieties: 
DEFINITION 1.11. A surjective morphism g: V-t W of connected almost 
affine F-varieties is a covering projection if g”: A(W) -+ A(V) makes A(V) 
a locally strongly separable A(W)- lg b a e ra. Call g a regular covering with 
group r if ga: A( PI’) + A(V) is Galois with group P. If  V is any connected 
almost affine variety, let p: V,,, + V be the regular covering projection 
induced by -4(V) + A( V)sel, , with group IT(V) = Ii’(A)r. Here VSer, is a 
universal cover of V and lir( V) is the fundamental group of V. 
We need to recall how morphisms lift to coverings: 
PROPOSITION 1.12. Let p: V’ - V and q: W’ - W be covering projections 
of connected almost afine varieties. Suppose q is regular with group P and that 
f : V + W is a morphism. Then we have the following. 
(a) Suppose g, h: V’ + W’ are morphisms such that fp = qh = qg. 
Then there is a unique o E P such that oh = g. 
(b) Suppose g: V’ + IV’ is a morphism with fp = qg, and let x E V’, 
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and 2 E q-lfp(x). Then there is a unique morphism h: I -’ + W’ such that fp = qh 
and h(x) x. 
Proof. (a) This is a restatement of the fact that I” acts freely and 
transitively on the -4( W)-algebra maps of A( W’) to A( V’). 
(b) Let J = g(x) and w =fp(x). Then q-l(w) corresponds to the 
A( W)-algebra maps of A( W’) to F, where the latter is an A( W)-algebra via 
evaluation at w. As before, this means that r acts freely and transitively on 
q-‘(w). Since q(g) = fp(x) and q(z) = a, there is, then, a unique 0 t I’ 
such that u( y) = x. Let h = og. If  h’ is another map satisfying the conclusion, 
then h’ = Tg for some T E r, by (a). Then since x = Tg(x) = ug(x) and r acts 
freely on q-l(w), 7 = 0. So 12’ = h. 
PKonosrrIoN 1.13. Let p: VseD -+ 1. be the universal coz’er of the connected 
almost a&e variety C-. Let f:  I- - Cv be any morphism, x E 1,‘,,1, and 
y  up-lfp(x). Then there is a unique morphism ,f’: 1’,,1, ---f rseD suclz that 
pf’ =fp andf’(x) ==y. 
Proof. A(V) 6& A(b,,,) is a locally strongly separable 4( Vsert) = 
A(V),,,-algebra, so there is a homomorphism h from it to A(V,,,). Define 
g: J4( I/‘ser,) + A( ITseD) by g(b) = h(b @ 1); then g”: Vsel, --, l,‘,,, satisfies 
pg* = g”p and (1.12.b) applies. 
Other covering projections than universal ones can have the property of 
(1.13) and for later reference it will be convenient to name them now. 
DEFINITIOX 1.14. A morphism p: V’ --f I’ of almost affine varieties has 
the automorphism Zifting property (a.1.p.) if for any automorphism f  of V and 
any pair x’ , y’ of elements of I/’ with fp(x’) = p( J.‘), there is a unique 
morphism f ‘: V’ - V’ with f  ‘(x’) = y’. 
The uniqueness of the map f’ in (I .14) implies that it is also an auto- 
morphism. 
2. LEFT ALGEBRAIC GROUPS 
In this section we define left algebraic groups and their Lie algebras, and 
study some of their basic properties. 
Given any abstract group G and any g E G, we use L,: G - G to denote 
the function L,(h) = gh. 
DEFINITION 2.1. A left algebraic group over F is an almost affine F-variety 
G which, as a set, carries a structure of (abstract) group such that, for each 
g E G, L,: G -F G is a morphism of almost affine varieties. A homomorphism 
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of left groups over F is a morphism of almost affine varieties which is also 
a homomorphism of the underlying abstract groups. 
Hochschild and Mostow [5, 3.1, p. 1181 h ave shown that every faithfully 
represented complex analytic group carries a left algebraic group structure. 
In (3.1) below, we show that (abstract) semidirect products of algebraic 
groups yield left algebraic groups. The other source of left algebraic groups 
is from covering spaces, as the next theorem shows the following. 
THEOREM 2.2. Let G be a connected left algebraicgroup over F, e its identity 
element and p: G + G a regular covering projection with group I’ having a.1.p. 
Choose ZE p-l(e). Then there is a unique left algebraic group structure on G 
having z as identity element making p a homomorphism. The kernel of p is then 
isomorphic to P. 
Proof. For g E G let L(g): G---f G denote the unique morphism such that 
pL(g) == L,(@) p and L(g)(e) =-: g -h h w ic exists by the assumption of a.1.p. for 
the covering. If  g, , g, E G, define g, . g, = L&)(gJ. We show that this 
composition makes G into a left algebraic group. 
(a) pL(e) = L,p = p and L(e)(e) = z The identity map on G also 
satisfies these equations, and by uniqueness equals L(e). Then t? . g = g for 
all g in G. Since also g . d = L(g)(e) = g, - e is an identity for the composition 
on G. 
(b) Let gl , gz E ~7. Then pkl . ~~1 = P-Q)W = LA,,) Pk2> =y 
p(gl) p(g2). Thus p is a homomorphism of the product structures. 
(4 Let gl , g2 E ~7. ~~gl)L(gz)(~) = Lk&) = gl . g2 = Lkl . g&9, 
and PLkl)k2) =Ldgl) PLW = -hgI)Ldg~) = ~%b,.~,) P = PLkl . gJ, using 
(b). Thus by uniqueness, L(g, . g2) = L(g,) L(g,). 
(d) From (c), L is a homomorphism of product structures from G to the 
group of automorphisms of G. Since the latter is associative and L is injective, 
the composition on G is associative. 
(e) There is a bijection r+ p-r(e) given by u + o(e). Let 0 = u(a). 
I f  g E G pL(dg)) = L,(,) P = pL(g) = paL(g) and L(o(g))(e) = o(g) = 
oL(g)(e), so by uniqueness, oL(g) = L(o(g)). Thus 0 . ? = L(a(e))(~(e)) = 
L(a(e)) L(~(e))(e) = aL(?) AL = UT(Z) = E, so (-) is a homomorphsm 
from r to G. 
(f) Let g E G and g’ l p-i( p(g)-‘). Then p(g’ . g) = p&g’) p(g) == e, 
SO g’ . g = U(C) = ~7 for some u E r. Then u-1 . g’ is an inverse for g. 
Thus G is a group under the defined composition, and the remaining asser- 
tions of the theorem are immediate. 
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COROLLARY 2.3. Let G be a connected left algebraic group with universal 
cover p: GseD + G. Choose e E p-l(e). Then there is a unique left algebraic 
group structure on GSe,, with e as identity such that p is a homomorphism. The 
kernel of p is isomorphic to IT(G). 
Proof. By (1.13), a universal covering satisfies a.1.p. 
Corollary 2.3 applies in particular when G is an affine algebraic group over 
F. For ease of reference to this important special case, we introduce some 
terminology. 
DEFINITION 2.4. A universal covering left algebraic group is a left algebraic 
group structure on the universal cover of an affine algebraic group produced 
as in (2.3). 
Next, the notation for translates of functions on left algebraic groups will 
be introduced: Let G be a left algebraic group, f an element of A(G) and s 
an element of G. Then let f . x denotefl, E A(G). We remark that (f . x) . y == 
f . xy, that f . e = f where e is the identity of G, that f - f x is an F-algebra 
automorphism of A(G) for each x E G, and that (f . x)(e) = f(x). If+: G - H 
is a morphism, then 4”(g) x = @(g .4(x)) for g E A(H) and x E G. 
We are going to define the Lie algebra of a left algebraic group. In general, 
we use Der,(B, M) to denote the set of A-linear derivations from the A- 
algebra B to the B-module M. 
DEFINITION 2.5. Let G be a left algebraic group. Then L(G) denotes 
the set of all D in Der,(A(G), A(G)) such that D(f . x) = D(f) . x for all f  
in A(G) and x in G. L(G) is called the Lie algebra of G and elements of L(G) 
are right invariant derivations. 
It is easy to see thatL(G) is a sub-Lie algebra of Der,(A(G), A(G)). 
As usual, we will use T,(G) to denote Der,(A(G), F), where F is an A(G)- 
module via evaluation at the identity e of G. 
PROPOSITION 2.6. Let G be a left algebraicgroup. The map(-): L(G)+ T,(G) 
where D(f) = D(f)(e) is an F-linear isomorphism from L(G) to the set of all 
d in T,(G) such that for allf in A(G), x + d(f . x) is in A(G). 
Proof. The map is clearly F-linear. I f  ij = 0 and f  E A(G), then for 
x E G we have 0 = D(f. x) = D(f . x)(e) = (D(f) . x)(e) = D(.f)(x), so 
D(f) = 0 for all f ,  i.e., D == 0. Thus the map is injective. If  D is in L(G), 
fin A(G), the map x ---f fi(f. x) == D(f)(x) is clearly in A(G). If  d in T,(G) 
is such that x ---f d(f . x) is in A(G) for allf, let “d: A(G) - A(G) be defined 
by *d(f)(x) = d(f . x). It is easy to see that *d is a derivation. *d(f . y)(x) = 
d(f . yx) == +d(f)( yx) = (*d(f) . y)(x), so *d(f . y) = *d(f) . y  and so *d 
is right invariant. Note that q = d. 
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We will retain the notation for the two maps of (2.6) below. 
As (3.2.i) below shows, the map (-) of (2.6) need not be surjective. So 
we will need: 
DEFINITION 2.7. A left algebraic group G is ordinary if the map L(G) + 
T,.(G) of (2.6) is surjective. 
As (3.2.ii) below shows, L( ) is not a functor on the category of all left 
algebraic groups. We do, however, have the following results: 
PROPOSITION 2.8. Let 4: G + H be a homomorphism of left algebraic 
groups, and suppose H is ordinary. Then there is an induced Lie algebra homo- 
morphism 
L(4): L(G) - L(H) 
given by L(+)(D)(f )(4 = D((f .444(e)- 
Proof. In the notation of (2.6), L($)(D) = *(D@). Since N is ordinary, 
this notation is meaningful and makes L(+)(D) an element of L(H) by (2.6). 
L(4) is clearly F-linear. In verifying that L(4) is a Lie algebra homomorphism, 
we will temperarily denote it ( )‘. We need that [Di , Da]’ = [Di’, Da’] for 
all D, , D, in L(G). Using the definitions, we have that [DI , D.J’(f)(x) = 
WMf 4 4>(e) - Dz(Dl((f . 4 C))(e) and [Dl’, 4’lCf)(4 = 
D1((D,‘(f) . X) 4)(e) - D2((Dl’(f) . X) 4)(e). Now for all y  in G, 
W’(f) .4 C>(Y) = D’(f )(x+(y)) = D(f .x$(y))(e) = D(((f .x) $) . y)(e) = 
(D((f .x) 4) . y)(e) = D((f ‘4 (b)(r), using the right invariance of D in 
L(G). Thus (D’(f) . x)$ = D((f . x)$) and the two expressions above are 
equal. 
THEOREM 2.9. L( ) is a functor from the category qf ordinary left algebraic 
groups to the category of Lie algebras. 
Proof. By (2.8), L( ) is defined. By (2.6), L( ) carries identity maps to 
identity maps. If  4, I/J are composable maps of left algebraic groups then 
L(&,b)(D) = “(D($#)“) and L(4) L($)(D) = L($)(*(D@) = *(D@,V). The 
result now follows since (f&4)” =: I/%#~. 
Next, we show that universal covering groups are ordinary. hiore generally, 
we show that a covering space homomorphism induces an isomorphism of 
Lie algebras. First, we examine covering space homomorphisms: 
PROPOSITION 2.10. Let p: G ---f G’ be a homomorphism of connected left 
algebraic groups which is also a covering projection of almost a@ne varieties. 
Then p is regular with group P = Ker( p) and, fey (T E P and f  in A(G), 
u”(f) = f  . C7. 
262 ANDY R. MAGID 
Proof. Let q: G - G be the universal covering of G, carrying a left 
algebraic group structure as in (2.3), so that q is a homomorphism. Then 
pq: G --) G’ is the universal covering space of G’ as well as a homomorphism 
of left algebraic groups. Let I7 1 Ker( pq) and .Z 1-2 Ker(q). By (2.3), for 
0 E fl, u”(f) =: (l+,)iL(,r‘) = .f. 0. By the Galois theory of covering spaces, 
A(G’) == {fe A(G): a(f) = f f  or a 11 0 E flj and A(G) == (f~ A(G): Q) =:f 
for all 7 E Z). Since n/Z : r, this means that A(G’) :~P (f~ A(G): o(f) = f  
for all 0 E rj, and the result follows. 
THEOREM 2. Il. Let p: G --f G’ be a homomorphism of connected left 
algebraic ,guoups which is also a covering projection qf almost a&e varieties. 
Then there is an induced Lie algebra isomorphism L(G) --, L(G’). 
Proof. Let r = Ker( p), so, by (2.10), A(G’) =: (f E A(G): f.  CT ~~ f  
for all UE r). Let U EL(G) and let D’ be its restriction to A(G’). IffE A(G’) 
and 0 E r, then D’(f) CT == D(f) CT = Zl(f . 0) = D(f) == D’(f), so 
D’(f) E A(G). The map f1 - D’ is clearly a Lie homomorphism. ‘CVe verify 
that it is an isomorphism: write A(G) = dir lim 4, , where each A, is a strongly 
separable A(G’)-algebra. Then Der,(A(G), A(G)) == proj lim Der,(& , A(G)). 
For each i, Der,(& , A(G)) -= Der,(A(G’), /I(G)), by [I, Theorem 2, p. 3131, 
and hence Der,(A(G), A(G)) is isomorphic to Der,(&G’), 4(G)). Thus 
D -+ D’ is one-one. Let D, E L(G’), considered as an element of Der,(d(G’), 
A(G)), and let D E Der,(A(G), B(G)) such that D(f) := D,(f) forfE A(G’); 
such a D exists by the above argument. I f  x’ E G, 
(I&DLz”)(p”f) ~7 D&f p(x)) p(x)-’ == D,(f) for f  E A(G’), 
and hence L:mlDL,,a 1 D. Thus D(f x) = D(f) . Y for all f  E A(G), SO 
D EL(G). Clearly D’ -z I>,, , and the map is also onto. 
COROILAKY 2.12. Let p: G --+ G’ be a homomorphism of convected left 
algebraic groups which is also a covering projection of almost ajine varieties. 
If  G’ is ordinary, then G is also ordinavj). 
Proof. As above, we have T,(G) = Der,(AG,F) isomorphic to 
Der,(d(G’), F) = T,(G’) since A(G) is locally strongly separable over 4(G). 
Thus in the commutative diagram 
L,(G) ----F T,(G) 
! 
I 
j. 
L(G’1 ~---z T,(G’) 
both vertical maps are isomorphisms, and the bottom is also, by assumption. 
Thus the top map is also an isomorphism. 
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By (2.12), a universal covering left algebraic group must be ordinary, since 
algebraic groups are [4, p. 421. 
We now bound the dimension of the Lie algebra of a left algebraic group, 
using the following lemma: 
LEMMA 2.13. Let G be an irreducible left algebraic group and let IC be the 
quotient field of A(G). TJien there is an injection IC OF L(G) ---f Der,(K, K). 
Proof. The map is defined as follows: first we have a map A(G) @&L(G) ---+ 
Der,(A(G), A(G)) by (C ai @ Di)(a) = C a,D,(a). This is an injection, 
for the following reasons: suppose C ai @ Di is in the kernel. We may assume 
that the ai are linearly independent overF. Then for all a in A(G) and x in G, 
0 = .Z’aiDi(a . X-‘) = ZaiDi(a) . x-l. Applying ( ) . x, we have X(ai . x)Di(a) = 
0, and evaluating at e we have Zai(x) Di(a)(e) = 0. Thus XaiDi(a)(e) == 0 
and hence each Di(a)(e) = 0. Thus, in the notation of (2.6), Di = 0, so, 
by (2.6), Di = 0. Next, Der,(,4(G), A(G)) is contained in DerF(A(G), K), 
and the latter is identifiable with Der,(K, K). The induced injection 
A(G) OF L(G) - Der,(K, K) then extends to an injection K @r L(G) + 
Der,(K, K). 
COROLLARY 2.14. Let G be an irreducible left algebraic group, and suppose 
the Krull dimension of A(G) = d. Then dim,(L(G)) is at most d. Ifdim,(L(G)) = 
d, tlzen the map K C&L(G) ---f Der,(K, K) of (2.13) is an isomorphism. 
Proof. Since A(G) is an integral extension of an affine subring of Krull 
dimension d, the transcendence degree of K over F is d. This implies that 
dim,(Der,(K, K)) ,( d, and the conclusions follow. 
We now turn to establishing a converse to (2.11). This requires some 
preliminaries. 
PROPOSITION 2.15. A closed subgroup II of a left algebraic group G is itself 
a left algebraic group. 
Proof. Let I = (f E A(G): f  (h) = 0 for all h E H}. Then H = {x E G: 
f(x) = 0 for all f  E I} and A(H) = A(G)/I. I f  h E H and f  E I, then f  . h E I 
so f  + f.  Jz induces a map 4: A(H) ---f A(H) with 4” =: Lh: H-j II. 
PROPOSITION 2.16. Let 4: G - H be a morphism of irreducible left 
algebraic groups such that 4(G) ’ d is ense in H. Then + is surjective. 
Proof. By (1.9), 4(G) contains an open subset U of EI. It follows that 
+(G) is open in H. Using the decomposition of H into right cosets x+(G) 
(which are homeomorphic to 4(G)), it is clear that 4(G) is also closed in Ii 
Since H is connected we have C+(G) = II. 
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We can now state the converse to (2.11). 
THEOREM 2.17. Let p: G ---f G’ be a homomorphism of irreducible, ordinary 
left algebraic groups, such that L(p): L(G) + L(G) is an isomorphism. Suppose 
also that dim,(L(G’)) equals the common Krull dimension d of G and G’, and 
let P be the kernel of p. Then 
(1) p is surjective and a covering space projection; 
(2) G/P is a left algebraic group; Suppose further that A(G) is integrally 
closed. Then 
(3) The induced btjection G/P-+ G’ is an isomorphism of left algebraic 
groups. 
‘The proof of (2.17) is complex and will be broken into several steps. 1Ve 
begin with: 
(a) pa: .AG’ -+ AG is injective. 
Proof. Let B = pa(=lG’). I f  x E G and paf E B (with f  E AG’), then 
pa(.f) . x = p”(f . P(X)) is in B. Thus B . x = B for all x F G. Let L denote 
the image of L(G) in Der,(B, A(G)) un d er restriction. Then the argument in 
the first part of (2.13) shows that B OF L ---f Der,(B, A(G)) is injective. 
SinceL( p) is an isomorphism, the composite Der,(A(G), F) 4 Der,(B,P) -+ 
Der,(,4(G’),P) is an isomorphism, and the second map is an injection. It 
follows that both maps are isomorphisms, hence if 1 is the kernel of pa, 
that if d E Der,(AG’, 8’) = Der,(B, F), then d(1) = 0. Clearly if f  EI and 
x E G, then f. +(x) E 1. If  now D E L(G’) and f  ~1, then D(f) E I, since 
D(f)(+44 = D(f .4(x))(e) = 0 by th e above remarks. It follows that if 
D E L(G’), the map 0: B - B by D($“(f)) ~-= $“D(f) is a well-defined 
derivation. If  n = 0, then D(A(G’)) _C I. I f  D # 0, there is an f  E AG’ such 
that D(f)(e) # 0, by (2.6). Thus D(f) is not in 1. Hence if I, = 0, D = 0. 
Now we claim that if D, is in L(G) such that L(#)(D,) = D, then D, restricted 
to B is I>: for L(+)(D,)(f)(x) = D,((f .v)$)(e) for f  E 4(G’) and x E G’, so 
D(f)(~x) = Q((f . x)C>(e). Now, for f  E iZ(G’) and y  E G, D,(4af)(y) :== 
Dd+?f d(e) = D&(f . NY))@(e) = D(.~)(+(Y)), so that DoWf) = rb”D(f) = 
o(.f‘). It follows that the image of L(G’) in Der,(B, B) under the injection 
D -+ Q equals the image L ofL(G) restricted to B (here, we regard Der,(B, B) 
as a subspace of Der,(B, A(G))). 
n’ow, using the arguments above, we have an injection B @r L(G’) + 
Der,(B, B) which sends C bi @ Di to C biDi . Let K, be the quotient field 
of B. As in (2.13), the injection extends to an injection K, @JF L(G’) + 
Der,(K,, , K,), and hence dim,$Der,(K, , K,)) 3 d. Since this dimension 
is at most the Krull dimension of B, and B, a homomorphic image of A(G), 
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has Krull dimension at most d, B must have dimension d. Since A(G) is an 
integral domain, 1 is a prime ideal. Suppose A(G) is integral over the sub- 
algebra A, . I f  I # 0, we can assume I n A, is not zero. Then B is integral 
over a subalgebra isomorphic to A,/1 n A, , and this latter has smaller Krull 
dimension than A, , and hence B has smaller dimension than JG’). As this 
is not the case, we conclude that 1 = 0. 
(b) p(G) = G’. 
Proof. In the notation of part (a), the closure of p(G) is V(*4(G’)/I) which 
is V(A(G’)) = G’, so the image of p is dense, and by (2.16) p is surjective. 
(c) Let K be the quotient field of A(G) and K’ the quotient jield of 
p”(A(G’)). Then Der,(K, K) = 0. 
Proof. By (2.14), we have isomorphisms K’ OF L(G’) -+ Der,(K’, K’) 
and K OF L(G) + Der,(K, K). Th e f  ormer, tensored with K over K’, yields 
the bottom row of the following diagram 
K @FL(G) ----j Der,(K, K) 
K OF L(G’) - Der&‘, K), 
where the left vertical map is 1 @L(p) and the right is the restriction. The 
diagram commutes, and since all maps except possibly the left vertical are 
isomorphisms, it is also and hence the result follows. 
(d) p: G ---f G/r is a covering projection. 
Proof. Let K. K’ be as in (c), and let L denote the P fixed elements of K. 
We have K 1 L > K’. Since K and K’ both have transcendence degree d 
(the common Krull dimension of A(G) and A(G’)) over F, K is algebraic over 
K’. Now P is a subgroup of the group of K’-automorphisms of K, and thus 
each element of A(G) has only finitely many P-conjugates. Thus we may 
assume that the affine subalgebra A,, of A(G) over which A(G) is integral 
is P-stable. Let t, ,..., t, generate A,, over F and let H in P be a normal 
subgroup of finite index which stabilizes each ti . Since ralH is finite, the 
P-fixed elements of A,, which is the same as the ring of P/H-fixed elements 
of A, , is affine. Denote this latter ring by C,, , and let C be the subring of 
P-fixed elements of A(G). Let x E C and let f  be a manic polynomial over A, 
having x as a root. Let g be the product of the (finitely many) distinct P- 
conjugates off. Since x E C, x is also a root of g, and since g is P-invariant 
(P just permutes the factors of g), g has coefficients in C,, , and x is integral 
over C, . Thus C is integral over C,, , and hence C is almost affine. 
It is clear that V(C) = V(iz(G))/r == G/I’. It follows, for example by 
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[2, 1.3(f), p. 41 that G ---f G/I’ is a covering projection of almost affine 
varieties. 
(e) G/r is a left algebraic group. 
I+oof. Let .f~ A(GII‘) - C, x E G and g E l? Then g”(f . X) == .f. xg. 
Since r is normal, XE =-= hr for some h E lY Thusf .yg = f. hx =m= (&f) . x = 
f  . S. Thus if f~ C, f  .v E C. It follows that left translations in the group 
G/r are morphisms. 
(f) G,ir is isomorphic to G’. 
Proof. The induced map q: G/l- G’ is a morphism of left algebraic 
groups. Since h’ is ordinary, we have an induced map L(q): L(G,!r) --f L(K), 
by (2.8). By (2.1 l), there is also an isomorphism L(G) --f L(G/I”). Since L( p) 
is an isomorphism, we must have L(q) an isomorphism. Because 4 is bijective, 
the quotient field L of A(G/r) is p urely inseparable algebraic over the 
quotient field K’ of A(G’), by (1.10). But by part (c) (applied to the morphism 
q), Der,(L,L) = 0. Thus K’ =: L. Let A(G/r) be integral over its affine 
subring A, and let A(G’) be integral over its affine subring B, . Let K,, be 
the quotient field of B, . We may arrange so that B, C A, .4(G’) KC, is 
integral over K,, , hence A(G’) K, == K’ and hence A4(G/I’) K,, L= L’. Since 
A(G/r) K,, is integral over A,& , this means AoK is a field, i.e., A&,, = L, 
and L, is algebraic over 6,. Since L, is fi ni e y  t 1 generated over F, it is finite 
over K, . It follows that there are maximal ideals M,, and Ai, of B, and A0 such 
that A,,\, is integral over B,, . Choose maximal ideals M and 5 of d(G’) 
and ,4(G;JJr) lying over M0 andO iL; . Then A(G/r),V is integral over A(G’),, . 
Since they have the same quotient field and the latter is integrally closed, both 
rings are equal. The group G’ = G/r acts transitively on the maximal ideals, 
and we conclude that A(GII’) == y”(A(G’)), so that q is an isomorphism. 
This completes the proof of (2.17). 
The hypotheses of (2.17) are chosen so as to isolate the assumptions neces- 
sary for the result. Note that if the left algebraic groups in question arc 
universal covering groups (2.4), the hypotheses are all satisfied. Since such 
groups are among our main examples, we state (2.17) for this case as a 
separate corollary. 
COROLLARY 2.18. Let p: G -+ G’ be a homomorphism of universal coaering 
left algebraic groups such that L(p): L(G) ---f L(G’) is an isomorphism. Then p 
is an isomorphism. 
Proof. By (2.17.l),p is a covering space projection. but A(G’) is separably 
and hencep”(A(G’)) = d(G), so that p is an isomorphism. 
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3. EXAMPLES 
In this section we have collected examples to illustrate the theory above, 
and some of its limitations. First, we construct left algebraic groups as semi- 
direct products: 
Let Ii and K be left algebraic groups over F and s: K ---f Aut(H) a homo- 
morphism of (abstract) groups, where Aut(H) is the group of algebraic group 
automorphisms of H. 
Then H x s K, the semidirect product of H and K with operators s, is the 
group whose underlying set is H x K and with multiplication given by 
h I kl)(h , 4) = vh&)(~2)~ v%). 
PROPOSITION 3.1. H x s K is a left algebraic group. 
Proof. H x s K is an almost affine variety. Let g = (h, k) be in H x ,? K. 
The maps H + H by x --f h(k)(x) and K---f K by y  ---f ky are morphisms 
since they are left multiplications in left algebraic groups. Since &(x, y) = 
(hs(k)x, ky), it follows that L, is a morphism, and hence H x s K is a left 
algebraic group. 
EXAMPLE 3.2 (See also [S, p. 1281.) Let F be the complex numbers and 
H = K the one-dimensional additive group. Lets: K + Aut(H) be s(k)(h) = 
exp(k)h, and let G = H x s K. By (3.1), G is a left algebraic group. Now 
A(G) = J’[x, y], where x(a, 6) = a and y(a, b) = b. The identity of G is 
(0, 0), and, regarding F as an A(G) module via evaulation at (0, 0), 
Der,(iZ(G), F) has basis D, , D, , where Dl(f) = fz(O, 0) and Da(f) = 
f,(O, 0). We now compute L(G). First, if g = (h, k) E G, (X . g)(a, b) = 
x(h -1 exp(k)a, k + 6) = Iz + exp(k)a and hence (y . g)(a, b) = k + 6, so 
that x . g = h + exp(k)x and 3’ .g = k + y. Let D EL(G), and d -my 
DE Der,(A(G), F) as in (2.6). Now C/ = rD, + SD, , and D(f)(g) = 
d(f . g)(e) by (2.6). Thus if g = (h, k) as above, D(x)(g) = d(~ . g) = 
rD,(h + exp(k)x) -t sD,(h + exp(k)x) :-: Y exp(k). Thus D(x) = rexp(x), 
and for this to be a morphism, r == 0. Now we consider D,: for any g = (h, k) 
in G, g ---) D&x . g) = 0 and g - D,(y . g) = 1 are in A(G), so by (2.6) 
“D, EL(G). Thus L(G) is one-dimensional, and is spanned by *D, . Thus 
we have shown: 
(3.2.i) There exist left algebraic groups G such that the injection L(G) - 
Der,(A(G), F) of (2.6) is not onto. 
Now consider the morphism 4: H-t G given by 4(a) = (a, 0). A(H) = 
F[t], where t(u) = a, and L(H) 1s one-dimensional with basis D, where 
D(t) = 1. Let g = (h, k) E G, and consider the function g + D((x . g)4)(0, 0) 
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on G. [(x . g)4] = exp(/z)t + h, so D((s -g)+)(O, 0) exp(k). Thus the 
function is not in A(G). VVe conclude: 
(3.2.ii) There exist homomorphisms $: H + G of left algebraic groups 
such that the mapL($) of (2.8) is not well-defined. 
Next we consider some examples of universal covering left algebraic 
groups. 
EXAMPLE 3.3. Suppose that F has characteristic 3, and let G be the one- 
dimensional multiplicative group overF, so A(G) = F[t, t-l]. LetfEF[t, t-r, Y] 
bef = Y3 + tE’ + I, and let B _- A(G)/(f). Thenf is irreducible overF(t), 
since a root of it would be integral over F[t] and hence in F[t], and if g is such 
a root, then for any root a ofg, we could have 0 = (g(u))” + ug(u) -t 1 = I. 
The discriminant off is -4t3 - 27 == t3 ( since F has characteristic 3) and 
hence is not a square in F(t). Thus the quotient field of B is an extension 
field of F(t) with Galois group S, (the symmetric group on 3 letters). Since 
f’ = t is a unit in A(G), B is a strongly separable A(G) algebra [3, 4.4, p. 1111 
and hence a Galois extension of A(G) with group S, . It follows that we have 
a surjection n(G) - S, , and hence 17(G) is nonabelian. p\cow let G,,, be 
the universal covering left algebraic group of G, and, as in (2.2), we regard 
17(G) as a subgroup of Gsep . Let g E n(G). If  right multiplication by g is a 
morphism in G,,, , then since both it and left multiplication cover the identity 
morphism in G and they both carry the identity element of GseP to g, they 
are equal (1.13). Thus gx -m: xg for all x in G,,,, , so that g must be central 
in G,,, Since 17(G) is nonabelian, not all of these multiplications are mor- 
phisms. It follows that in GseP inversion is not a morphism, since right 
multiplication by g is inversion followed by L;l followed again by inversion. 
We conclude: 
(3.3.1) There are algebraic groups in whose universal covering left 
algebraic groups inversion is not a morphism and right multiplications are not 
all morphisms. 
The preceding example gives some idea about how far a universal covering 
left algebraic group is from being a (pro-affine) algebraic group. 
As a preliminary to our next example, we need to collect some facts about 
Galois ring extensions of exponent p in characteristic p. 
Let /l be an integrally closed integral domain of characteristic p, and let B 
be its separable closure. For each a in A, the polynomial x’p - X - a has 
a root in B. Let/: r;Z + i3 denote the additive map+(a) = up - a. I f  a E A, 
#-r(a) denotes a root of XI’ - X - a in B, and if S is a subset of il, r3[~~-1(S)] 
denotes the subring of B generated by {#-r(s): s E Sj. With these notations 
we have the follow-ing. 
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PROPOSITION 3.4. The correspondence S + Av-l(S)] induces a one-one 
correspondence between the additive subgroups S of A containing /(A) and the 
abelian Galois extension of A of exponent p contained in B. Moreover, 
[S :#(A)] = [A[j-l(S)] : A]. 
Proof. A proof can be constructed by extending the corresponding result 
for fields [7, Theorem 15, p. 2211 to rings (the technical results of [8] are 
also needed). 
We also need to note the following lemma, whose easy proof is omitted: 
LEMMA 3.5. Let G be a projinite group. There is a maximal closed normal 
subgroup H of G such that G/H is abelian of exponent p, and H is a characteristic 
subgroup of G (i.e., H is set-wise invariant under automorphisms of G). 
EXAMPLE 3.6. Suppose that F has positive characteristic p, and let G be 
the one-dimensional additive group over F, so A(G) = F[x]. Let Gsep be 
the universal &tale covering left algebraic group of G, and let H be the maximal 
closed subgroup of 17(G) such that II(G)/H is abelian of exponent p. Since H 
is a characteristic subgroup of D(G) (3.5), H is normal in Gseg , and the 
quotient group G’ = G,,,/H is easily seen to be a left algebraic group 
(with A(G’) = (f E A(Gsep): f . x = f for all x E H}). G’ + G is a covering 
projection with group I’ = I7(G)/H. W e are going to compute the subgroups 
r,, of r of finite index which are normal in G’ (so that G’/r, is a left algebraic 
group). This requires some terminology. 
Let P = /(F[X]). Call g = C i a xi in F[X] reduced if n = O(p) implies 
that a, = 0. Obviously, a linear combination of reduced polynomials is again 
reduced. 
LEMMA 3.6.1. Let y  = C aixi be in F[X]. Then there is a unique reduced 
h = C bkxL in F[X] such that h = g(P). 
Proof. First, we show that h exists and satisfies the final condition, using 
induction on the largest nonzero term of degree divisible by p in g. If  there 
is no such term, take h = g. If  aX”P is the largest such term in g, choose b 
in F such that b” = a. Let h’ = g - axRg + bx’;. Then g - h’ = +.(bx”) 
is in P. Thus by induction, we construct h = h’(P), h reduced, and have 
h = g(P). I f  h, , h, are both reduced and h, = h, = g(P). I f  h, , h, are both 
reduced and h, E h, = g(P), then h = h, - h, is reduced and lies in P, 
so lz = j;(f) for some f E F[X]. I f  f is of degree k, fi(f) is of degree pk, and 
since h is reduced this means K = 0, so h is a constant, and a reduced constant 
is zero. Thus h, = h, , and the constructed reduced polynomial associated to 
g is unique. 
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LEntR;r.h 3.6.2. Let B = A(G)[/l(S)] be a GaZois extension of iZ(G) in 
A(G’) of jinite rank. Choose fi ,..., fk in F[X] such that fi $- P,..., fk j-- P form 
a ZjpZ-basis of SIP, and suppose that fi ,..., f,< are reduced (this is possible b-y 
(3.6.1)). Then if g is reduced and Z’T’ - A - g has a root in B, g :.= C aifi 
for some ai iz ZjpZ. 
Proof. Let T be the subgroup of F[S] generated by P and g, and let 
C == A(G)&r( T)] be the corresponding subalgebra of A(G’). By assumption, 
C is contained in B, and hence T is contained in S. Thus g + P = 
C ai(fi + P) for suitable ai in Z/pZ. Thus h == (x uifi) - g is reduced and 
in P, so by (3.6.1) h = 0 and the result follows. 
Kow let r, be a subgroup of r of finite index and let V = G’/r, . 1’ is an 
affine variety with B =:= A( 17) = (f E A(G’): ‘f . x = x for all x E r,J a Galois 
extension of A(G) in A(G) of finite rank =: [F : r,]. Let B = A(G)@l(S)] 
and let fi ,..., f,; in F[X] be reduced such that fi + P ,..., fr, + P are a Z/pZ- 
basis of S/P. Let Ci denote the Z/pZ-subspace of F spanned by the coefficients 
of fl ,...,fti of degree i. Let g E G. It is clear that for f  EA(G) = F[X], 
f .  g = f  (x + g). We examine under what conditions we can lift L, to an 
automorphism of V. There are several cases to consider: 
(a) Suppose some fi has degree n -+ l(p), say fi = u,x’~ + u~~~~zc~L-~ + 
lower degree. Then if L, lifts to V, Y7 fl- Y-ffi.ghasarootinB.fi.g = 
a,(x + g)” + anpl(x + g)“-l -i- ... =- a,x’l -+ (ngu, + a,-,) xn-l + lower 
degree, and by (3.6.2) this means that nga, -I- a,_, E C,_, . Since a, -# 0 and 
g ranges over all of F, nga, + a,-, takes on infinitely many values, but C,-, 
is finite. Thus in this case not all L, can extend to V. 
(b) Suppose all fi have degree larger than 1 but congruent to 1 mod p. 
Since fi is reduced, fi :-:: a,xn -+ u,-~x+~ + lower degree, where n := kp -t 1 
and k + 0. Then fi g = a,,(x + g)‘” $- ar2&x + g)“- 2 -I- ‘.’ =: 
u,xn + na,gx+l + ((I) a,g2 + une2) x?“-~ -t lower degree. Let h be the 
reduced polynomial congruent of fi ‘g module P (3.6.1); then h -= 
a ~71. -t ((2) a,g2 + unP2) xn-2 + lower degree. Now if L, lifts to I-, 
1’; - Y - fi g has a root in B, and since fi . g =z h(P), Yp - I7 -- h also 
has a root in B. By (3.6.2) we conclude that (z) ang2 -+ a,-, belongs to C,-, . 
Again, since a, + 0 and C,-, is finite, this means that not all L, can extend 
to v. 
(c) Suppose all fi have degree 1, say fi = aiX. Thenf, ‘g = a,(X + g) = 
uJ -k a,g := .,X(P). Thus each L, extends to V, and V is a left algebraic 
group (indeed, an algebraic group). 
Now it is clear that there are reduced polynomials f  of arbitrarily large 
degree. It follows that if a is a root of Y p - Y - f ,  then the strongly separable 
subalgebra A[G][u] of A[G’] is not contained in any strongly separable sub- 
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algebra B of A[G] of the form A[G”], where G” -+ G is a left algebraic group 
homomorphism, as we can always take f  as one of the fi’s above. 
We draw some conclusions from the above discussion: 
(3.6.3). There are left algebraic groups which are not the inverse limit of 
affine left algebraic groups. 
(For A[G’] is not the direct limit of affine subalgebras A[G”] where G” is 
a left algebraic group.) 
(3.6.4). There are left algebraic groups G such that there are non- 
representative functions in A[G]. 
(A function f  on a group G is representative [4, p. 141 if the F-space of 
{f . x: LV E G} is finite dimensional.) 
To see why (3.6.4) holds suppose the contrary and let G be as above, and 
choose a strongly separable A(G)-subalgebra of A(G’), Iz, which is not 
contained in any A[G”], where G ---f G” ---f G are left algebraic group homo- 
morphisms. Let B = F[t, ,..., t,J and let tij be a basis of {ti * x 1 x E G’}. 
Then F[{tijj] = B’ is a strongly separable A(G)-subalgebra of A(G) and if 
f~ B’, M E G, f.  x E B’. But this implies that all the maps L,: G + G lift to 
V(B’), a contradiction. 
We conclude this section by showing that universal covering left algebraic 
groups in positive characteristic are never affine. 
PROPOSITION 3.7. Suppose F has characteristic p f  0 and let .4 be a 
connected afine F-algebra of Krull dimension n > 0. Then AseD is not an aflue 
F-algebra. 
Proof. It will be enough to show that Aser, contains an A-subalgebra not 
finite over A. First, by Noether normalization there is a polynomial subalgebra 
R = F[X, ,..., X,] of A over which A is module-finite. It is clear from 
Example (3.6) that the Galois group of a separable closure S of R over R is 
infinite. We now need to appeal to the Boolean spectrum (see [lo] for details): 
let x be a point of the Boolean spectrum X(S OR A) of S OR A (i.e., a 
connected component of Spec(S OR A)). I f  A,, == (S OR A)z is module 
finite over R, then since it contains S and R is Noetherian, S would be 
module finite over R, and hence have finite Galois group. Since this is not 
the case, A, is not finite over R, and hence not finite over S. But A, is a 
locally strongly separable A-algebra containing no non-trivial idempotents, 
and hence is contained in AseD . 
COROLLARY 3.8. Let G be a connected nontrivial afine algebraic group and 
suppose that the characteristic of F is positive. Then the universal coveYing left 
algebraic group GseP -+ G is not a@ne. 
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